Sufficient conditions are given under which the standard part map on an arbitrary Hausdorff space can be used to push down an infinite nonstandard measure. This makes it easier to construct standard infinite Borel measures using nonstandard techniques.
Introduction
A common way nonstandard analysis is used to construct a Borel measure on a topological space X is to first construct a Loeb measure μ L on a companion space (usually a subset of * X), and then 'push' μ L down to X using the standard part map st. This requires that st be measurable from the (complete) Loeb σ -algebra on to the Borel σ -algebra on X. The question of when st is measurable has been extensively studied; see [4] and [9] for early papers on the question, and the discussion following Theorem 3.2 of [16] for more recent results. The reader is also referred to [8] , [2] , [11] , [12] , as well as to [5] and [6] for a functional approach.
Infinite measures have traditionally been especially problematic. Reasons include greater difficulty in proving that st is measurable, and difficulty in keeping mass in μ L from escaping to infinity. For example, in the recent paper [10] , had the authors attempted to simply push the measure down with the standard part with respect to the product topology, then every nonempty set would have received infinite measure. On the other hand, the standard part map with respect to the box topology would in some cases have assigned zero measure to any compact set. As a result, some results which would have been natural in the setting of an infinite measure have been stated and proved just for finite measures. Examples include the author's results [14] and [15] . This paper adapts a technique from [10] to prove a pushing down result for infinite Loeb measures. To illustrate how this theorem can be used in practice, the proof from [15] is revisited and generalized to construct a (possibly infinite) measure on a space which need not be compact.
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Preliminaries
Assume that the nonstandard model is as saturated as it needs to be to carry out all constructions; in particular, it is κ-saturated for some κ larger than the cardinality of any standard set that we might encounter.
( , A, μ) will always denote an internal, *finitely-additive *measure space. We recall the existence of the Loeb completion of
• μ (see [16] or [18] ).
• μ is a standard, extended-real-valued finitely-additive measure on the algebra A , even if μ( ) is externally infinite. Moreover, by saturation
• μ is automatically countably additive on A , so the machinery of the usual Carathéodory construction now applies. In particular,
• μ extends to a measure on a σ -algebra containing A (see [17] Chapter 12, Theorem 8). Note that the construction holds for externally infinite measures, though it will only be applied in this paper to subsets of with externally finite measure. Some of the technical issues that arise when starting with an externally infinite measure are detailed in [18] .
The next lemma, for the special case of A i ∈ A , was proved in [7] using an idea from [4] .
Proof. It suffices to prove that i A i ∈ A L . We may suppose that {A i } i∈I is closed under finite intersection. Let r = inf i μ L (A i ), let A i n , n ∈ N be a decreasing sequence with lim n μ(A i n ) = r, and put A ∞ = n A i n .
Let s < r, and 
Let X be a Hausdorff space, K = K X = {K ⊆ X : K compact}, B X be the Borel σ -algebra on X, and N S(X) the set of nearstandard elements of *
X.
The following is a straightforward exercise.
The first theorem is mainly contained in already-known results. For example, see the remarks following Proposition 3.4.7 of [1] , and the discussion following Theorem 3.2 of [16] . (3) of Lemma 1, μ L is innerregular with respect to the internal sets. (Recall that a measure ν is innerregular with respect to a family F provided that for every measurable set E
For locally-compact X the image of an internal subset of N S(X) under the standard part map is compact; it follows that the measure m constructed in this way will be Radon (that is, inner-regular with respect to compact sets).
The following is the main result of the paper. Note that there is no requirement here that μ( ) be finite. As in Theorem 1, the measures m K and m will be Radon.
Proof. For any K ∈ K X , K is a compact Hausdorff space, so by the previous theorem the restriction st * K∩ is measurable from *
Evidently for any E ∈ B X , m K E is monotone in K. To see that m is a measure, let {A n } ∞ n=1 be a sequence of pairwise disjoint Borel subsets of X, and put A = ∞ n=1 A i . It suffices to show that mA = n mA n . One direction is easy:
For the opposite inequality, fix N ∈ N + , let K 1 , . . . , K N ∈ K X , and put
Finally, let K, M ∈ K X , and E ⊆ U where U is the interior of K.
Taking the supremum over all M ∈ K X , we obtain
as desired.
Applications

Riesz Representation Theorem
The utility of Theorem 2 is illustrated in this section by employing it to extend the nonstandard proof of the Riesz Representation Theorem from [15] to spaces which are not necessarily compact. Let X be a locally compact Hausdorff space, and C c (X) be the vector space of continuous real functions on X with compact support. Let T : C c (X) → R be a positive linear functional. (The author notes that this is the only case that was considered in [15] .) For A ⊆ X and f ∈ C write f |A for the restriction of f to A.
Let D ⊆ C be a basis for C (as a vector space over R). By saturation there is a hyperfinite = {ω 1 , . . . , ω H } ⊆ * X with x ∈ for every standard x ∈ X. Let {f 1 , . . . , f k } be an arbitrary finite subset of D .
Consider the internal system of linear equations in p ∈ * R H :
By the Farkas Lemma from linear algebra [13] , there are two mutually exclusive alternatives:
(a) For some
Without loss of generality max
it follows that i (
Therefore, the following alternative must hold.
(b) There is a solution p ∈ * R H of the system with p i ≥ 0, 1 ≤ i ≤ H . By saturation in the cardinality of D , there must be such a p such that for every f ∈ D, hence every f ∈ C , Tf = * i p i * f (ω i ). Define an internal measure μ on ( , P ( )) by putting μ({ω i }) = p i . Note that P ( ) contains every set of the form *
This verifies the conditions of Theorem 2. Let m and m K (K ∈ K X ) be the Radon measures on X given in the conclusion of that theorem.
If f ∈ C , let U be an open set containing the support of f such that U has compact closure K. Then
This proves Theorem 3 in the case that Ker + (T , C ) = {0}. For the more general case, observe first that the proof does not require that C be all of C c (X), only a linear subspace over R with the the property that if K ⊆ X is compact then there is a nonnegative f ∈ C with f > 0 on K.
Put
It is easy to see that U is open. Put X = X \ U and C = {f |X : f ∈ C c (X)}.
Assuming this proposition is true, we may define a positive linear functional T on C by T (f |X ) = T (f ). Note that Ker + (T , C ) = {0}, so by the previous case of the theorem there is a measure μ on X with T (f |X ) = X f |X dμ for f ∈ C c (X). Extend μ to μ on X by μE = μ (E ∩ X ), and observe that for f ∈ C c (X), Tf = T (f |X ) = X f |X dμ = f dμ, as desired It remains to prove Proposition 1. By considering |f − g| it suffices to show that if f ≥ 0 on X and f = 0 on X then Tf = 0. Let K be a compact set containing the support of f , and let γ be a nonnegative function in C c (X) which is strictly positive on K. By saturation there is a φ ∈ * Ker
It is easy to verify that for
. Since δ is arbitrary, T (f ) = 0, proving the proposition and completing Theorem 3. 
A Theorem of Choquet
